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THE ASYMPTOTIC BEHAVLOR OF THE SOLUTIONS OF DIFFE8E3TIAL 
EQTJATIOITS COiv'cAIi?JING LARGE AND RAPIDLY 

CHANGING COEFFICIENTS 

M. Vishik and L.  Lyusternik 

ABSTRACT. The asymptotic behavior of t he  solutions of 
d i f f e r e n t i a l  equations with large and rapidly varying coef- 
f i c i en t s  i s  investigated f o r  the case of simple second-order 
equations. The methods can be generalized d i r e c t l y  t o  cover 
a wide c lass  of higher order equations. 

Various problems i n  mathematical physics make it necessary for  us t o  deal  /247" 
with equations whose coeff ic ients  ( including those contained i n  the  r igh t  s ide)  
o r  t h e i r  der ivat ives  become large.  These include, f o r  example, problems with 
"poten t ia l  w e l l s "  or "barriers" i n  quantum mechanics, problems on t h e  propaga- 
t i o n  of electromagnetic waves through the boundary of a region with high con- 
duc t iv i ty  ( M .  A. Leontovich conditions ( r e f .  l), problems with i n f i n i t e l y  l a rge  
r i g h t  sides i n  i n f i n i t e l y  narrow bands of  t h e  simple-or double-layer type. 
Such problems, i n  the  f i r s t  approximation, a re  reduced t o  ce r t a in  boundary 
value problems with boundary conditions or  with 'I junction'' conditions on sur- 
faces where t h e  coefficients increase rapidly o r  are  discontinuous. I n  such 
problems the  invest igat ion of t he  asymptotic nature of the  solut ion near t h e  
spec i f ied  boundary i s  bas ica l ly  qui te  localized. Usually, i n  t h i s  case, t he  
var ia t ion  i n  solut ions i n  the  direct ion transverse t o  the  boundary takes place 
more rap id ly  than i n  the  tangent ia l  direct ion.  Therefore, i n  constructing the  
asymptotic solut ion it i s  important t ha t  we cor rec t ly  i s o l a t e  t h e  p r inc ipa l  
"transverse" par t  of t he  operator i n  a simpler form than t h a t  of t h e  operator 
as a whole. Methods of t h i s  type have been applied i n  problems where higher 
der ivat ives  have s m a l l  coeff ic ients  ( r e f s .  2 and 3) and i n  problems with 
o s c i l l a t i n g  boundary conditions (refs.  4 and 5 ) .  
c l a r i t y  we s h a l l  i l l u s t r a t e  t he  asymptotic methods by using simple examples of 
second order equations; these can be reduced d i r e c t l y  t o  a w i d e  c lass  of higher- 
order equations. 

For the sake of brev i ty  and 

2. Problems with la rge  coeff ic ients  i n  a constant subdmain. 

Problem 1. Let us assume t h a t  r i s  a smooth plane curve which b o b &  t h e  
domain Q. Let us consider t he  equation 

Leu. E Au; - kS(x ,  y) us = h (x ,  Y), \ ( 1) 

where k (x,y)=c( x,y)>O inside Q and kc(x,y)=cl(xyy) I E*, c l a  2 >O outside Q; 
E 

h(x,y)=O outside Q. 
t i o n  (1) under conditions t h a t  u 

We seek the  asymptotic expansion of t h e  solut ions of equa- 
and auc/an a re  continuous on r and t h a t  u 
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Numbers i n  t h e  margin ind ica te  pagination i n  o r ig ina l  foreign t e x t .  
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becomes equal t o  zero a t  in f in i ty .  
near r :  p -  the  distance (with a sign) along the  normal t o  r ,y-  the  coordinate 
of t he  base of t he  normal on r .  
coordinates, by changing the  var iable  such t h a t  t=p /c  ( s ee  (3)), and by expand- 
ing t h e  coeff ic ients  of the  equation i n  powers of p= tc ,  we obtain, outside Q, 
(when p>O) 

We introduce the  following coordinates 

By expressing the  operator L i n  terms of these 
c 

where \ 

As the  f i rs t  approximation of the solution fo r  equation (2 )  we take the  solu- 
t i o n  u of the  boundary layer  type equation L u =O; it has t h e  form 

/248 
0 0 0  

from (4 )  t h a t  fo r  t he  f i r s t  term of t he  asymptotic expansion 

As a result of t h i s  it can be shown t h a t  the  f i rs t  approximation uo ins ide  Q i s  

equal t o  t h e  solut ion of t he  Di r i ch le t ' s  problem f o r  (1) under condition U ~ ( ~ = O ;  

outside Q u -0. 

i s  obtained from the  conditions t h a t  u +sui i s  continuous on r and t h a t  - ( u  + c y )  

The next term "1 of the asymptotic expansions u =u +CU + ... 
0 € 0  1 

a 
0 a P  0 

- 

c 

i s  continuous with an accuracy determined by quant i t ies  of order c .  

u we solve equation L u =L u -0 outside Q with the  boundary condition au,/atl 

To f i n d  
~ _- ~ - 

1 0 1  1 0  

au /a I From the  establ ished u1 outside Q we f i n d  ul ins ide  Q as the  t=+O= 0 p p=O' 

I Thus u +eul i s  0 solut ion of equation (1) i n  Q with hE0 when ul/p=-o=ul/p=+o. 

continuous but has a discont inui ty  of  order c i n  i t s  der ivat ive with respect  
to p on r. 
mation of t he  n-th order ( G,, 

By continuing this process we can obtain an asymptotic approxi- 
uo + u(~ + , . . + ~ " u , ) ) .  I n  t h i s  case i s  contin- n 

n uous on r, has a discont inui ty  i n  aun/ap of order G when p=O and s a t i s f i e s  (1) 
II 

n+l  n-1 
with an accuracy determined by quant i t ies  of order c i n  Q, E outside Q. 
The res idua l  term of t he  asymptotic expansion i s  evaluated by using t h e  method 
i n  reference 3 (compare with reference 6) .  

__ __. __ 



. Problem 2. As  a second example, we consider an equation which coincides 

..* with (1) ins ide  Q and which has t'ne form 
- 4  ~ '41.. - -  

( 5 )  I \ 
E - A'8-8 I(. = 0 outside Q ( A  3 Cr' > 0). 

- . __ c_ 

The junction conditions on r are  as follows: u i s  continuous on r and the  
"fluxes" a re  equal E 

By repeating the  preceding s teps  we f ind  t h a t  t h e  following boundary conditions 
a re  s a t i s f i e d  f o r  t he  f i rs t  approximation uo which, ins ide  Q, i s  the  solut ion 
of equation (1) : 1) when cu<B the  condition of t he  f i r s t  boundary value problem 
i s  ~uoIPp-,,=(),\. 2) when cr2B the  condition of t h e  second boundary value problem 

i s  

problem i s  

t o  zero while i n  cases 2) and 3) it i s  a function of t h e  boundary layer  type. 
The subsequent approximations are constructed as above. 

du,/<p),- = 0,-\ 3) when a=@ the  condition of the  t h i r d  boundary value 

duo/c3pIPE-O+AuOl-=-o\ I n  the  case of (l), uo, outside Q, i s  equal 

These same methods a re  applicable i n  the  case when t h e  coeff ic ients  a re  
complex (as  i s  t h e  case i n  t h e  theory of t h e  propagation of electromagnetic 
waves ( r e f .  1)) and when the  domain Q i s  not bounded. 
a re  a l so  applicable i n  t h e  case when A, f o r  example, i s  a pos i t ive ly  determined 
d i f f e r e n t i a l  operator with respect to a/&p. 

We a l s o  note t h a t  they 

3 .  Equations with rapidly varying coef f ic ien ts .  Let us assume t h a t  t he  
coeff ic ients  of t he  operator L, everywhere outside the  narrow band near r, are  
f i n i t e  together with t h e i r  der ivat ives  and i n  t h e  c-  neighborhood of 
la rge  der ivat ives  and can become la rge  themselves. The following pe r t a in  t o  
t h i s  s i tua t ion :  problems for  equations with discontinuous coefficients", which 
a re  considered as t h e  l imi t ing  cases of problems with rapidly varying coeffi- 
c ien ts ;  problems i n  which the  coefficients and t h e  r i g h t  s ides  become i n f i n i t e l y  /249 
la rge  i n  the  i n f i n i t e l y  small neighborhood of I?; and various combined problems. 

they have 

Problem 3 .  Let us assume t h a t  Q1 i s  a domain bounded by t h e  curve rl which 

contains the  l i n e  r ;  L i s  an operator which i s  assigned i n  Q 1' with coef f ic ien ts  

which, generally speaking, are discontinuous on r and smooth i n  Q-r, where L 
may be writ ten,  f o r  example, i n  t he  "divergent" form 

~ -~ ~ -~ 

ic 
It follows from the  presentation made below t h a t  t he  formulation of boundary 

conditions on r f o r  such an equation depends on what l imi t ing  t r a n s i t i o n  i s  
used t o  obtain t h i s  equation. 
each other  by t h e  presence of ce r t a in  6-tyQe functions o r  t h e i r  der ivat ives  i n  
the  coeff ic ients ,  which are  concentrated on r. 

Roughly speaking d i f f e ren t  problems d i f f e r  from 

3 
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Let us consider the h n c t i o n s  a,(p,cp), b , ( p , ~ ) l ,  ...,-I which a re  smooth i n  Q, which 
coincide with U(P, (PI, b (P,'&': - $\when 1 p 128, and the  operator 

' . _  

-- 
I n  t h i s  case aa (p, o'= a, (p/s,(f) -1- pal y)-+-. * +o.an 'p) +k +1t++yxp, +),I 

---- -- 

where the  functions CYo( t,cp),al( t,cp) a re  se lec ted  i n  such a way t h a t  when t=fl 

( p = t e )  the  functions CY (p,cp) and the  n der ivat ives  with respect t o  p coincide 

with c y ( f , ~ , c p )  and with i t s  respective der ivat ives  with respect t o  p .  I n  par- 
t i c u l a r  &(--l,cp)=a(-O,cp), a,( + l , I p ) = ~ ( + o , c p ) .  The other  coef f ic ien ts  

be( p, c p ) ,  . . . are  determined i n  the same manner. 

s h a l l  l i m i t  ourselves t o  the case when express'ons ( 7 )  and (8) contain only the  
f i rs t  terms, when the coefficiuoIp+o=0, c(T)-?Bd on 'p and when hEh -0 ( t h e  

general  case i s  invest igated i n  the  same manner). 
t = p I e  a t  t h e  pole I P I % ,  we, obtain 

4 

For the  sake of s implici ty  we 

G 

Changing t o  the var iable  

A t  t he  pole  1 p i  5s equation (8) i s  replaced approximately by 

we obtain t h e  f i r s t  approximation i f  we note t h a t  when lpl=6; 

t he  so lu t ion  u of equation ( 7 )  which i s  bounded together with i t s  der ivat ives  
t h i s  means t h a t  dGo/dtI t,*l=O( 6 ) ) .  

u =O. From t h i s  0 0  

0 
must be joined t o  

We have 

where it 

following proposit ion t h a t  can be proved: t h e  f i r s t  term u of t h e  asymptotic 

i s  assumed t h a t  b ' (+ l )=b ' ( - l )=O.  lhese considerations lead  t o  the  t 1 

0 

so lu t ion  u of equation (8), fo r  some assigned condition on I? i s  obtained i n  

the  following manner: we solve equation (7)  Lu=O under conditions on I? 

the  junct ion conditions on r :  bc(,+ -- 0)u  - -  (+@)=a b ( - 0 ) ~ ( - ~ ~ , ~ ~ ~ ~ ~ 6 ( ~ 0 ) ~ ~ ~ ~ ~ ~ ~ ~ ~ 6 ,  

4 1 
and f o r  1 

-7, * - . @ ) W . $ p z a n d  assume t h a t  u 'u outside the band I p i  SG. The function uo s a t i s f i e s  L .,A. . 0 4 



conditions (9)  a t  t he  points  p=+e with an accuracy determined by 6 .  I n  the  
~ t :  ordinary equation L u =0, band 1 pl<c ci0 Is determined as the soliition of L1-- 0 0  

which i s  se lec ted  i n  such a way tha t  uo and i t s  der ivat ive a re  continuous when 

p=-e.  Then, as calculat ion s teps  show, we obtain a discont inui ty  of order 8 i n  
u and u'  when P=+G. The next approximation i s  constructed i n  the  same general  

manner. After  n s teps  we obtain an approximate solut ion which has closure 

e r ro r s  of t he  order en+' when 1 pl>c and of order G 

u i t i e s  i n  t h e  function and i t s  derivative of order e 

0 OP 

n-1 when I p l < s  and discontin- 

n+l when IpI=e. 

Problem 4. Let us i l l u s t r a t e  the  construction of t he  asymptotic expansion 
f o r  an i n f i n i t e l y  narrow ba r r i e r .  L e t  us assume t h a t  everywhere i n  Q1 

tuEAu-a(p ,$)u  = h:\ 

L e t  L UELU when l p l S e  and l e t  
€ 

when where L1 and L are d i f f e r e n t i a l  operators of t h e  f irst  order. Let 

a(€)=€ 

when equation (10) i s  solved under conditions specif ied on r 
following junction conditions on I?: 

2 
-1 . Then the  f i r s t  approximation uo of t h e  function u ( h  =h) i s  obtained € 0  

1 and under t h e  

- 

If, on the  other hand a( c)=O(  l), L1= d/dp +. -- . ., h.\has - t he  form of  t he  function 

which approximates the  6-type function with respect t o  p o r  t he  6'-type function, 
then i n  t h e  f i rs t  approximation t o  u we obtain a function u which has a 

corresponding discont inui ty  i n  the  normal der ivat ive o r  i n  the  function i t s e l f .  
This corresponds t o  the known properties of c l a s s i c a l  po ten t ia l s  f o r  simple and 
double layers .  
manner. 

c 0 

The subsequent approximations a re  constructed i n  a s imi la r  

4. Let us consider the general problem i n  which the  change of var iables  
t = p  14 produces a s p l i t t i n g  of form ( 2 )  of operator L i n  t h e  band 1-p 14 0: tcd;+@ e 

IL&+-EL~U,+. . . ] ;  L L do not contain terms which have der ivat ives  with respect 0' 1 t o  cp. 
5 
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0 
We designate by v 0 (t),  w 0 ( t )  the  basic  system of solut ions of the  second-order 

equation L V=O, where v (-1)=l,v '(  -1)=0, wo( - l ) ,wo(  -1)=0, wl( -1)=1. Let us a l so  0 -  0 0 0 
6 

assume t h a t  v 

t i o n  conditions f o r  t he  f i r s t  approximation uo of t he  function u 

i s  the  solut ion of equation L v =-L v v (O)=v'(O)=O. The junc- 1 0 1  10'1 0 

sa t i s fy ing  
€ 

_I___ . - - 
When v'( l)#O we s h a l l  have the conditions : uo I-o = y I+,, = 0, a(,\ 0 

' (l)'u~l+,=u;{+,$ when v l (  1)=0 we s h a l l  have t h e  conditions: U o ( 1 ) U d - o  =&(+o 9 U ; ( 1 ) u o j d + \  I_ _--_ 0 

% ( I )  uil+, =l%l+o .I Similar arguments can be extended t o  higher order p a r t i a l  

d i f f e r e n t i a l  equations with any number of var iables .  

5. There i s  a l so  an intermediate c lass  of problems i n  which the  width of 
t he  band where t h e  coeff ic ients  vary rapidly a l so  approaches zero but does so 
more slowly than i n  the  cases considered above. I n  t h i s  case t h e  width of t he  
band may be su f f i c i en t  t o  provide f o r  the formation of boundary layer  phenomenon 
and associated discont inui t ies  produced i n  the  l i m i t .  

6. It i s  c lear  from the  above how we must proceed with the  solut ion of 
t he  inverse problem: when we are  required t o  use assigned boundary conditions 
o r  conditions a t  t h e  junction t o  construct equations i n  a wider region with 
continuous coeff ic ients ,  which a re  functions of 8 ,  i n  such a way t h a t  t he  solu- 
t i o n  of t h e  i n i t i a l  problem plays the  r o l e  of t he  f i r s t  term i n  the  asymptotic 
so lu t ion  of the  equation with 8 . (For example, the bas ic  boundary value problems 
i n  Q f o r  t he  e l l i p t i c  equation (1) may be simulated as shown i n  problems 1, 2, 
and furthermore by combining problems 3 2 and 3 it i s  possible  t o  obtain an 
equation with continuous coeff ic ients  L u =h, which simulates these problems. ) 

€ €  
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